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Аннотация: В данной статье предлагается математическое решение гипотезы 

Биля, полученное с помощью методов арифметической геометрии, известных 

еще древним математикам и развитых автором статьи. Эти методы включают в 

себя построение степеней целых чисел посредством пропорций, составление 

разбиений из них, масштабирование вверх и вниз для того, чтобы получить 

подобные равные разбиения. В результате таких преобразований уравнение 

Биля сводится к уравнению Ферма, которое не имеет решения в 

положительных целых числах, что доказывается теми же методами с 

дополнением метода бесконечного спуска Ферма. Данное исследование 

выполнено в числовой системе прямоугольных чисел, введенных автором, что 

собственно и приводит к открытию математического решения гипотезы Биля. 

Текст статьи проиллюстрирован изображением построения целых степеней из 
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множества прямоугольных чисел, расположенных на диаграмме 

геометрической теоремы Евклида.   

Ключевые слова: гипотеза Биля, Последняя теорема Ферма, арифметическая 

геометрия, разбиения, древняя математика.                                                          

Abstract: The given article suggests a mathematical solution of the Beal Conjecture 

obtained by arithmetic geometry methods known yet to ancient mathematician       

and developed by the author.  These methods include constructing powers of whole 

numbers by means of proportions, making up partitions from them, their scaling-up 

and scaling-down in order to get equal similar partitions. As a result of such 

transformations, the Beal equation comes to the Fermat equation, which has no 

solution in positive whole numbers that is proved by the same methods plus Fermat’s 

method of infinite descent. The given research is fulfilled in the system of right-

angled numbers introduced by the author and leading to the mathematical discovery 

of Beal’s Conjecture solution. The text is illustrated by the picture of constructing 

whole powers from the set of right-angled numbers on the diagram of Euclid’s 

geometrical theorem.   

Keywords: Beal’s Conjecture, Fermat’s Last Theorem, arithmetic geometry,  

partitions, ancient mathematics.   

AMS Subject Classification: 11 Number theory, 11G Arithmetic algebraic geometry 

(11G99), 11P Additive number theory; partitions (11P99).   

 

1. Introduction. Beal’s Conjecture as generalized Fermat’s Last Theorem 

(formulation of the problem).  

        Beal’s Conjecture [1] deals with arbitrary powers of whole numbers except the 

second combined in one equation similarly to the well-known equation of Fermat’s 

Last Theorem. The Beal proposition can be solved by the ancient Greek arithmetic 

geometry methods applied successfully as well to the Fermat problem [2]. Among all 
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well-known mathematics conjectures Beal’s Conjecture is occupying a peculiar place 

being a generalization of Fermat’s Last Theorem [1]. However the generalization in 

[1] concerns only the formal record of this conjecture and does not summarize the 

methods of proving Fermat’s Last Theorem. On the contrary, the Beal conjecture 

comes to the Fermat problem considered as an arithmetic geometry problem with 

elements of combinatorics and has easy simple solution obtained by additive number 

theory methods apparently available to ancient mathematicians and Fermat too [2]. 

The suggested proof of Beal’s Conjecture can be related to the part of number theory 

defined as arithmetic algebraic geometry in spite of that it can be acquired by means 

of elementary arithmetic operations [3].   

        Pierre de Fermat formulated his famous proposition on the margin of Diophantus’ 

“Arithmetic” [2] (near the task 8 of the book II). The eighth problem of the second 

book asks to separate a square into two squares in whole numbers. It was known long 

ago that this problem has an infinite set of solutions. But Fermat generalized the task 

in case of any whole power above the second and pointed out at impossibility of  such 

partition in whole numbers claiming here that he found a “miraculous” proof of this 

proposition.  

        How could Fermat solve the unique problem straight off and without a shadow of 

doubt ? The sole reason for it is that he could see the mental picture of his proof. Such 

a picture emerged in his consciousness during his insight allowing him to investigate 

instantly all necessary details of solution [4]. Visual image of the problem must have 

had a geometrical form, which apparently could not take its place on narrow margins. 

This geometric pattern serves as general illustration for Euclid’s theorem about 

proportional means, from which formulation of Pythagorean theorem and Fermat’s 

proposition (called Fermat’s Last Theorem later on) could be easily derived. Fig. 1 [3] 

shows stylized design of Euclid’s geometrical theorem on the fractal surface of similar 

right angle triangles at an instantaneous position of the small diameter of Fig. 1 

shifting from state Ф1 to state Ф2.  
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                           Fig. 1 (the designations are explained in the text)                                

        Let us proceed following Fermat’s mental investigation of Pythagorean theorem 

and its generalizations in the case of any n-th degree on splitting higher whole powers 

into two powers of the same degree. Ancient Greek mathematicians could solve some 

algebraic equations with only arithmetic methods on the basis of Euclidean geometry, 

so that they might be called arithmetic geometry methods and included into the range 

of modern arithmetic algebraic geometry. Of course, Fermat knew about these ancient 

methods and could develop them using his visual observation of such properties of 

geometrical figures that became origins for future algebraic notions. But Fermat did 

not produce new terminology and formulated his research results in pure arithmetic 

manner. Moreover, his perception of  n-th degrees of whole powers was related to 

Cartesian product of whole numbers from n-dimensional arithmetic space and then 

each n-th power could be represented as a collection of n-dimensional unit cubes 

transferred from the state Ф1 to the state Ф2 one by one on the diagram of Fig. 1. This 
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procedure serves as well for finding Pythagorean triples by the method of sorting 

square units one by one in Pythagorean equation. This method can be applied also to 

the equation of generalized Fermat’s Last Theorem in order to show that splitting of n-

th power of whole numbers into two other powers with n  > 2 is impossible.  

2. Solution of Beal’s Conjecture and Fermat’s Last Theorem.          

        The Beal Conjecture states [1]:  

 The equation A
x
 + B

y
 = C

z
 has no solution in positive integers A, B, C, x, y, and  z  

with x, y, and z at least 3 and A,B, and C coprime.   

Or, restated [1]:  

         Let A, B, C, x, y, and z be positive integers with x, y, z > 2. If A
x
 + B

y
 = C

z
, then 

A, B, and C have a common factor.   

        Let us rewrite hypothetical Beal’s Conjecture equality in the following way:                                                                                          
   
                                                                                                    

                                                        x
n
 + y

n
 = z

n     
                                                (1) 

with positive integers x, y, z having a common factor and exponent n taking 

simultaneously the next spectrum of values:   n = (p, q, m) ,  where integers p, q, m      

at least 3 and n has one independent value for each term. So we assume at the 

beginning that equality (1) exists and partitions of the type (1) can be obtained. This 

method of proof is related to plausible reasoning and called the rule of contraries.  

Then one can explore some arbitrary solutions of equation (1) in whole numbers.  

        Consider equality (1) as a partition of whole number z
n
 into two whole parts x

n
 

and y
n
. It resembles Pythagorean equation in real numbers, if we could bring powers 

in (1) to the degree 2 with whole parts in the similar partition: z
2
 = x

n
/ z

n–2
 + y

n
/ z

n–2
. 

For example, the sacred Egyptian triangle corresponds to the equality: 25 = 16 + 9, 

that comes of the application of Euclid’s geometrical theorem (see Fig. 1):  z = k  + l,   

z
2 

= z k + z l = xo
2
 + yo

2
,  5 = 16/5 + 9/5, 5

2
 = 4

2
 + 3

2
. To produce such scaling, let us 
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introduce the notion of right-angled numbers (these numbers are different from so 

called right angle triangle numbers representing Pythagorean triples).     

Definition. Right-angled number is such a non-negative real number, the square of 

which is a whole non-negative number.  

        The set of right-angled numbers  Р = {0, 1, √2 , √3 , 2, 5, …}  is countable. The 

system of right-angled numbers P = Р,+,·,0,1 is defined by operations of addition 

and multiplication and two singled out elements (zero and unit). The system P is non-

closed in relation to addition. Notice that the set of non-negative whole numbers is a 

subset  of  the set  of right-angled  numbers. Then consider (1) on the 2-dimensional 

lattice of right-angled numbers with coordinates  xo , yo, and that, which we call the 

norms of a right-angled number z assigned to different pairs (xo , yo) and differing 

from each other by the value of its summands: z
2 

= xo
2
 + yo

2
 (for Egyptian triangle 

there are 25 such norms: 25 = 1 + 24 = 2 + 23 = …). The norm of non-zero right-

angled numbers is always whole and cannot be less than 1. Whole numbers xo
2
 and 

yo
2
 run through values from 1 to z

2
 and from z

2
 to 1 one by one. So number z has z

2
 

different partitions as its norms. Similarly any whole power of whole numbers could 

be expanded to the sum of whole numbers with the aid of right-angled numbers, if we 

choose the needed common factor in (1). It corresponds to the initial formulation of 

the problem upon condition that powers in (1) consist of indivisible units. All other 

possibilities to represent degrees of whole powers using other number systems (for 

example, rational number systems) are excluded as irrelevant to the formulated 

problem.         

        For the purpose of reducing (1) to the view of Pythagorean equation in the 

system of right-angled numbers, one can rewrite (1) as an equality for some coprime 

x’, y’, z’, and common whole factor d: (x’d)
p
 + (y’d)

q
 = (z’d)

m
  and fulfil scaling-

down:  

(z’d)
2
 = (x’d)

p
 / (z’d)

m-2
 + (y’d)

q
 / (z’d)

m-2
 = (x’)

p
 d 

p–m+2
 / (z’)

m–2
 + (y’)

q 
d

 q–m+2
 / (z’)

m–2
 

= xo
2
 + yo

2
 , where xo

2
 and yo

2
  with appropriate d are squares of some right-angled 
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numbers xo and yo. If exponents p and q equal m, then d
2
 can be (z’)

2m–4
.  In other 

words, we seek such d that satisfy the above stated condition to get whole parts in the 

sum of this equality. It assumes the following view of (1) after fulfilling scaling-up:                  

                                                z
m  

= x
p
 + y

 q
 = z

m–2
 (xo

2
 + yo

2
)                                   (2)  

        Let us apply now the ancient method of making powers using Euclid’s 

geometrical theorem [2] and produce two chains of proportions connected with each 

other with some equality presenting integer z as a sum of two whole numbers: 

                       z/xo = xo/k = k/k1 = … = km–3 /km–2                                                  (3) 

                        z/yo = yo/l = l/l1 = … = lm–3 /lm–2                                  

where  z,  xo , yo  are right-angled numbers from (2), m natural index at least 3,and             

z=k  + l ;  k  and  l  are some whole parts of z taken from the method of scaling-down 

(see below).    

        From proportions (3) one can obtain the next formulae:                                        

xo
2
 = kz = (k1z /xo)z ,  xo

3
 = k1z

2
 = (k2z /xo)z

2
 , … ,  xo

m
 = km–2 z

m–1
,                            (4)                                                          

yo
2
 
 
= lz = (l1z /yo)z ,  yo

3
 = l1z

2
 =  (l2z /yo)z

2
 , … ,  yo

m
 = lm–2 z

m–1
,    

where integers k and l  are found from the basic equality (1): 

z = (z’d) = (x’d)
p
 /(z’d)

m–1
 + (y’d)

q  
/(z’d)

m–1
 =(x’)

p 
d 

p-m+1
/(z’)

m–1
 + (y’)

q 
d 

q-m+1
/(z’)

m–1
  

= k + l            

If exponents p and q more or equal m, then numbers k and l are whole with d = (z’)
m–1

 

as a minimum (d can be some  whole number divisible by this minimum).  

From (2) and (4) we get equal similar partitions of z
n 
 into two whole parts:    

                                      z
m
 = x

p
 + y

q
 = z

m–2
(xo

2
 + yo

2
) = x

m
 + y

m
,                                (5) 

hence x
p
 = (x

p/m
)

m
 = x

m
,  y

q
 = (y

q/m
)

m
 = y

m
 with whole x, y by construction (for 

simplicity we do not change here the designations for x, y although exponents p and q 

are tuple to m). Square roots of  x
m
,  y

m
  are mean proportionals between xo

2
 and z

m–2
, 
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yo
2
 and z

m–2
 describing a bigger right angle triangle defined by the hidden 

Pythagorean equality z
m
 = x

m
 + y

m
 found from the relations: x

m
 = k z

m–1
, y

m
 = l z

m–1
    

This implicit triangle is similar to that with sides z ,  xo , yo  represented by equality z
2
 

= xo
2
 + yo

2
.      

        So (1) comes to the Fermat equality in right-angled numbers:  

                                           x
m
 + y

m
 = z

m 
,  m ≥ 3                                                        (6)  

 with whole  x = x’d,  y = y’d,  z = z’d, and d as some whole factor that can  be 

expanded into the product of prime factors. One can prove Fermat’s Last Theorem 

now with the same methods as above in order to obtain solution of the Beal 

Conjecture in full and one measure.   

        Let us write Fermat’s Last Theorem in its usual form:    

                                           z
n
 = x

n
 + y

n
 ,  n  > 2                                                         (7)  

 Suppose that one solution at least was found. Then we shall try to construct such a 

solution and make certain of its impossibility. We shall work in the system of right-

angled numbers (see above Definition).      

        Consider (7) on the 2-dimensional lattice of right-angled numbers with right-

angled coordinates x0 , y0  and corresponding norm z
2
 = x0

2
 + y0

2
  differing by its 

square fragments relating to definite right-angled coordinates and being a partition of 

number z
2
 into two summands represented by non-negative whole numbers. The 

minimal (non-zero) norm (standard) of right-angled numbers equals 1.  

        To construct powers of whole numbers presented in (7), let us produce two 

chains of continued proportions connected with each other by the norm                       

z
2
 = x0

2
 + y0

2
:    

 

                            z/x0 = x0/k = k/k1 = … = kn–3 /kn–2                                                 
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                            z/y0 = y0/l =  l/l1 = … = ln–3/ln–2                                                       (8) 

 

where natural indices of the last terms of each chain in (8) are obtained from n > 2. 

Continued proportions (8) yield the following formulae:                                            

 

          kz = x0
2
, k1z = x0k, k2z = x0k1, …, kn-2z = x0kn-3    

          lz = y0
2
, l1z = y0l, l2z  = y0l1, …, ln-2z = y0ln-3                                                       (9) 

 

          x0
2 
= kz =(k1z /x0)z,   x0

3 
= k1z

2 
=(k2z /x0)z

2
, … ,  x0

n
 = kn-2z

n-1
                         

          y0
2 
= lz =(l1z /y0)z,   y0

3
 = l1z

2  
=(l2z /y0)z

2
,  …  ,  y0

n  
= ln-2z

n-1    
                        (10) 

 

        It is necessary now to fix the norm for the partition of z
n 

 into two like powers in 

(7). As in the case of Beal’s Conjecture, let us assume that z, x, y in presupposed 

equality (7) have a common factor d, i. e., z = (z’d), x = (x’d), y = (y’d), where z’, x’. 

y’ coprime. Thereupon divide equality (7) by z
n-1

 and get:  

                 z = (z’d) = (x’d)
n 
/(z’d)

n-1
 + (y’d)

n
 /(z’d)

n-1
 = k + l , where k and l integers 

with  d = (z’)
n-1

  as a minimum. From this and (9)-(10) it follows that z
2
 = x0

2
 + y0

2
 

and  z
n 
 = z

n-2
 ( x0

2
 + y0

2
 )  is a scaled-up modification of the norm  z

2
 = x0

2
 + y0

2
 .    

        Further, one can obtain a singular partition of z
n 
 into three terms from (10) for 

the given norm when n > 2 :   
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                                           z
n
 = x0

n
 + y0

n
 + 𝜆n                                                          (11)  

where 𝜆n = z
n-1

 [ (k – kn-2) + (l – ln-2) ] is a remainder after subtracting x0
n
 and y0

n
  out 

of  z
n
  such that 𝜆n > 0 when n > 2 and  x0 y0 ≠ 0,  𝜆n = 0 when n = 2 and x0 y0 ≠ 0 ,   

 x0 ,  y0, [0, z],  z  (0, ∞) .  

        Thus there exists one-to-one correspondence between each pair of numbers  (x0 ,  

y0) with norm z
2
 = x0

2
 + y0

2
 from 2-dimensional arithmetic space and each 

corresponding partition of any whole power with n > 2 of integer z from n-

dimensional arithmetic space into the sum of the same powers of numbers x0 ,  y0 and 

remainder 𝜆n from (11). Isomorphism (one-to-one correspondence) between the set of 

points of 2-dimensional Euclidean space with position vector length z and coordinates 

x0 ,  y0 , the set of partitions of z
2
 into squares, and the sets of partitions (11) for any 

whole n > 2 can be written as follows :                                                                                           

            𝑧  (𝑥𝑜 , 𝑦𝑜)   ↔  { z2
 = x0

2
 + y0

2
 } ↔ { z

n
 = x0

n
 + y0

n
 + 𝜆n}, 

where sets of partitions are generated by the next power similarities:              

                           z ↔ z
2
 ↔ z

n
 ,  x0 ↔  x0

2
 ↔ x0

n
 ,  y0 ↔ y0

2
 ↔ y0

n
 .   

Partitions (11) can be reduced to the norm, from which they were obtained:  

             z
n
 = x0

n
 + y0

n
 + 𝜆n = z

n-2
 ( x0

2
 + y0

2
 ) =  x

n
 + y

n
                                   (12) 

Formula (12) represents by itself a combinatorial equality of two partitions in three 

and two terms because of the one-to-one correspondence between pairs (x0 ,  y0) and 

presupposed partition (7). It means that partition (11) coincides with partition (7) if 

the latter exists. In the case of right-angled numbers this equality is realized only if x0,  

y0 integers. Algorithm of such correspondence is given in the next formula (13). Thus 

scaling invariance of the norm  z
2
 = ( x0

2
 + y0

2
 ) leads to the following equalities of 

different fragments of partitions (12):  
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                                               x0
n
 + y0

n
 = ( x

n
 or y

n
 )                                            (13) 

 and correspondingly 𝜆n = (y
n
 or x

n
). It can be noticed that x0

n
 ≠ z

n-2∙y0
2
= y

n
 and           

y0
n
 ≠ z

n-2∙x0
2
 = x

n
 because of the lack of coincidence of decompositions in 

factorization of numbers x0
n
 and y

n
,  y0

n
 and  x

n
 . Obviously,    x0

n
 ≠ z

n-2∙x0
2
  and  y0

n
 ≠ 

z
n-2∙y0

2
 .  

        Let us show now that  x0
 
 and  y0  cannot be irrational in (13) on account of 

integer partition of  z
n
  into  x

n
  and  y

n
 . Here two cases can occur: when n is an odd 

number (designate it by 𝜈 = 𝑛odd ≥ 3)   and  when  n  is an even number (designate it 

by   𝜇 = neven ≥  4) . Considering the first case we find that  x0 and ,y0 cannot be 

irrational in (13) as irrational square roots do not give a rational number in sum.  

        Let us consider the second case when n =  𝜇. Indeed, from the one hand, there is 

Pythagorean triple of numbers z
m
,
  
x

m
, y

m
  with m = 𝜇/2 such that (z

m
)

2
 = (x

m
)

2
 + (y

m
)

2
. 

On the other hand, the initial equality can be written in the form   z
2
 = x0

2
 + y0

2
  

showing that the indicated triple of numbers corresponds to the triple  z ,  x0 ,    y0 

describing the like right-angled triangle. Therefore   z
m
/x

m
 = z/x0  ,  z

m
/y

m
 = z/y0  ,               

x
m 

= x0∙z
m-1

,    y
m  

= y0∙z 
m-1

    and  x0  and y0  are not irrational.    

        So, it was revealed as a result of the previous calculation that equality (13) 

consists of   whole numbers. Furthermore, Fermat’s triple obtained from them for the 

given  n >2 ,  for example,   x0,  y0,  x,   is not the same   by value as Fermat’s triple     

x,  y,  z  from (7), since x0 / y0  ≠  x / y that is clear from the                               

following:  x0
2
/y0

2
 =  x

n
/y

n
  =  (x

2
/y

2
)(x

n-2
/y

n-2
) .                                                              
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 Hence equality (13) represented in the form (12) describes another right-angled 

triangle different from that defined by Pythagorean triple   x0 ,  y0 ,  z .  

        Let us come back to the assumption at the beginning of the proof that integer 

solution (7) exists. This assumption is substantiated only if there is a concrete 

solution (13) in whole numbers. In order to check the validity of (13) it is necessary 

to construct it with the same reasoning as before, since equations (7) and (13) are 

identical by their properties. This procedure can be continued to infinity in the 

direction of decreasing whole numbers under condition that sequence of different 

chained equalities never stops and numbers x0
2 

and y0
2
 in (12) will be always whole. 

If it is not so, i.e., x0
2 

  and   y0
2 

 in chained equalities (13) turn out to be fractions, 

then this means that solution (7) does not exist in the system of right-angled numbers. 

Actually, since all partitions of the type (12) are built from the very beginning 

exclusively on the set of right-angled numbers’ squares being in fact whole items of 

finite series of partitions, then non-whole  x0
2 

and y0
2 

 show pointlessness of such 

procedure, i.e., the absence of integer solution (7) or zero solution. On the other hand, 

infinite sequence of chained equalities (13) leads to infinite decreasing of positive 

whole numbers that is impossible and therefore assuming that there exists an integer 

solution of (7)   when  n >2  is not true. Thus the theorem is proved both for all even 

and for all odd degrees of whole   numbers and for any finite whole x, y, z, d.    

3. Conclusion.  

        Beal’s Conjecture solution contains in itself the description of a new 

hypothetical mathematical object with simple properties conditioned only by its 

intrinsic structure. One can see this structure formed from similar right angle triangles 

obtained with the aid of Pythagorean triples z , x0 , y0 characterizing hypothetical 

partition (7) on the diagram of Fig. 1 taken from [3]. This hypothetical mathematical 

object represents by itself a closed cycle of identical transformations of one and the 

same partition  z
n
 = x

n
 + y

n 
:  
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                            z
n
 = x

n
 + y

n
      ←     z

n
 =( x0

n
 + y0

n
 ) + 𝜆n            

                                           ↓                                ↑ 

                      z
n 
 = z

n-2
 ( x0

2
 + y0

2
 )     →     z

n
 = x0

n
 + y0

n
 + 𝜆n     

 

Equality of the above partitions is substantiated only by suggestion that whole power 

n >2 can be divided into two whole parts that leads automatically to similarity and 

equality in itself of one and the same partition given in the form of two or three 

terms.  

        However generalized Fermat’s Last Theorem states that it is impossible to 

construct partition (1) or (7) into other n-th powers of whole numbers when n >2. 

Applying the rule of contraries we claim that if such partitions exist then partitions 

(13) exist as well. Construction of (13) leads in total to a zero result and therefore 

generalized Fermat’s Last Theorem can be regarded as a mathematical discovery 

running ahead of its proof.  

        Beal’s Conjecture can be also considered at the level of metamathematics when 

it is necessary to choose an adequate number system for solution of this problem. In 

the given case such an adequate number system was the system of right-angled 

numbers. This system have many interesting applications in natural sciences [3;5;6]. 

In particular, it participates in forming a surface fractal consisted of decreasing right-

angled triangles and revealed in quantum physics applications [6].  

        In conclusion we suppose that contemporary theoretical science seemed to be 

exhausted in its description of real world and new alternative bases of physics, 

chemistry, and other disciplines should be searched. These bases can be found by 

studying the diagram of Fig.1 representing kinematics and dynamics of any 

interaction processes in nature. One can begin for example at that all school 
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trigonometry can be considered and described in visual language of potential 

geometrical constructions of Fig.1.     
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